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Vectorial Kerr-cavity solitons
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It is shown that a Kerr cavity with different losses for the two polarization components of the field can support
both dark and bright cavity solitons (CS’s). A parametrically driven Ginzburg– Landau equation is shown to
describe the system for large-cavity anisotropy. In one transverse dimension the nonlinear dynamics of the
bright CS’s is numerically investigated. © 2000 Optical Society of A merica
OCIS codes: 190.4420, 190.3100, 190.3270, 190.4380.
Cavity solitons (CS’s) are localized structures formed
in the plane transverse to the axis of light propagation
in a nonlinear cavity that, like solitons, keep their
shapes unchanged in time. In the case of CS’s this
shape retention is due to the balance among dissipa-
tion, nonlinearity, and diffraction in the cavity. W e
demonstrate the existence of such structures in a
Kerr-cavity model that permits different cavity losses
to exist for the two polarization components of the
intracavity f ield.
W e consider an optical resonator f illed with an
isotropic x 3 medium and driven by a spatially ho-
mogeneous linearly polarized coherent f ield of real
amplitude E. W e assume that the two intracavity
field polarization components A0 and A1 (parallel
and orthogonal to the input f ield, respectively) have
different losses (g0 and g1). The adimensional model
equations in the mean-f ield limit read as1
≠tAj  2 lj 1 ihDAj 1 ihjAj j2Aj
1 AjAkj2Aj 1 B2Ak2Aj
1 i=2Aj 1 g1 2 j E , (1)
where j  0, 1, l0  g, l1  1, and k fi j . Equa-
tion (1) is a generalization to different losses of the
isotropic cavity model of Ref. 2.
In Eq. (1), =2  ≠x
2 1 ≠y
2 is the transverse Laplacian
operator (the transverse spatial coordinates x and y are
normalized to the diffraction coefficient; light propa-
gates along the z axis) and time t is normalized to
g1. D is the cavity mistuning, g  g0g1 is the cavity
anisotropy parameter, and h accounts for self-focusing
h  11 and self-defocusing h  21. Finally, A
and B are the Maker– Terhune coeff icients that verify
A 1 B2  1 when the medium is isotropic. For de-
tails see Ref. 1.
The spatially homogeneous linearly polarized A1 
0 solution1 of Eq. (1) is the primary solution of the sys-
tem. Its stability against plane-wave perturbations
(of null transverse wave number) was studied in Ref. 1
for arbitrary values of g. This solution is affected by
two independent bifurcations. One of them preserves
the linear polarization of the total field (scalar insta-
bility: A1 remains off), and the other leads to an el-
liptically polarized state (polarization instability: A1
switches on). In the absence of polarization instabil-
ity the model of Eq. (1) reduces to the Lugiato– Lefever
scalar model,3 at least close to threshold.2
For our purposes the most relevant result of the
plane-wave model studied in Ref. 1 is that the polar-
ization instability may become subcritical for g . 2,
leading to coexistence of the (stable) linearly polarized
state and the elliptically polarized state. This coex-
istence of states opens the possibility of existence of
bright CS’s (a bright spot on a black background, corre-
sponding to the polarization component cross polarized
with respect to the pump), provided that the elliptically
polarized state be modulationally unstable. This pos-
sibility is not expected to occur in an isotropic cavity,
g  1, because in that case the polarization instabil-
ity is always supercritical. Next we summarize the
linear stability analysis of the homogeneous linearly
polarized solution.
Self-F ocusing N onlinear ity. For g , 43 [in
particular, the isotropic cavity case g  1 (Refs. 2
and 4], the instability is always scalar. For larger
anisotropy, g . 43, the instability depends on D,
so for D , DP g  g4 1 3g42 2 112 the scalar
instability is replaced by the polarization instability.
In particular, for D , 13 the instability is to f inite
wave-number perturbations (pattern-forming instabil-
ity), whereas for 13 , D , DP g the instability is to
the plane wave, i.e., that studied in Ref. 1. W e thus
guess that, in the last detuning domain, bright-cavity
solitons could be observed, provided that the polar-
ization bifurcation be subcritical, which occurs only if
g . 2 and roughly requires that D . 13 (for details
see Ref. 1). In any case we conclude that cavity
anisotropy is essential if polarization instability is to
play a role in this self-focusing case.
Self-Defocusing N onlinear ity. For g , 43 (in par-
ticular, the isotropic case2,4) the scalar instability domi-
nates if D .
p
3g, the condition for optical bistability in
model Eq. (1).1 For g . 43 the polarization instabil-
ity dominates for any detuning, so the role of increasing
g is to favor polarization instability, as in the self-
focusing case. For any anisotropy g the polarization
instability is to the plane wave if D , 13. W e thus
conclude that, differently from the self-focusing case,
the plane-wave polarization instability analyzed in
Ref. 1 has relevance here only if D , 13, where the
bifurcation is always supercritical and hence bright
CS’s are not expected to exist.
To gain insight into the essential polarization pat-
tern-formation features of model Eq. (1) we first con-
sider the large-cavity anisotropy limit g .. 1, which,
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as we commented above, favors polarization instabil-
ity. We can obtain a reduced equation in this limit by
taking g21 as a smallness parameter—the rest of pa-
rameters are taken as O 1 quantities—and perform-
ing a standard multiple-scale expansion of Eq. (1). At
leading order it is found that A0x, y, t  E 1 O g21
and A1x, y, t  expip4ux, y, t 1 O g21, where
u is governed by the following parametrically driven
Ginzburg–Landau equation (PGLE):
≠tu  21 1 ihuu 1 mu
 1 ihjuj2u 1 i=2u , (2)
where u  D 2 AE2 and m  B2E2. The func-
tional dependence of effective detuning u and para-
metric gain m on coeff icients A and B indicates that,
for large g, the Kerr-cavity dynamics should not be
highly sensitive to the specific values of these coef-
ficients, except when B  0 (nonlinearity owing to
electrostriction).
Let us consider the one-dimensional (1D) problem
=2  ≠x
2, which describes, e.g., a physical situation in
which the Kerr cavity has a slab waveguide configu-
ration that conf ines the field in the y direction.
Outstandingly, the 1D PGLE supports either bright
solitons in the self-focusing case h  11 or dark
solitons in the self-defocusing case h  21 (Refs. 5
and 6):
ubright 
p
2b expifsechbx , (3)
udark  b exp2iftanh1
p
2 bx , (4)
b2  u 6
q
m2 2 1 , 2f  6arccosm21 . (5)
Some well-known properties of the analytical solitons
[Eqs. (3) and (4)] are that (i) solitons with a minus in
Eqs. (5) are always unstable, (ii) the dark soliton exists
for m . m0 
p
1 1 u2 and is stable only for u , 0, and
(iii) the bright soliton is stable only for u . 0, exists for
1 , m, and loses stability at m  m0.
To illustrate and check the above analytical predic-
tions we performed a numerical study of Eq. (1) for the
special case of liquids A  14, B  32. [For other
kinds of nonlinearity, such as an off-resonant elec-
tronic response A  B  23, qualitatively similar
results are obtained.] Figure 1 shows 1D CS’s ob-
tained by numerical integration of Eq. (1) (solid curves)
together with the analytical solitons [Eqs. (3) and (4)]
(dashed curves). The analytical solitons show good
agreement with the numerical Kerr CS’s, even for val-
ues of g that are not too high. We note that solitons
similar to the dark CS’s shown here were described
numerically in Ref. 7 for the isotropic-cavity case
g  1. Both the 1D localized structure described in
Ref. 7 and our dark CS asymptotically connect two
states of opposite (elliptical) polarization. In our case,
far from the CS core x ! 6`, A02`  A01` and
A12`  2A11`. Thus, far from the CS core, one
elliptical polarization state dominates the orthogonal
state, as in Ref. 7. The fact that we can identify the
CS as a dark soliton is due to the (linear) polarization
basis that we are using, whereas in Ref. 7 the chosen
basis was circular.
In what follows, we consider only the bright CS. It
has been shown that the PGLE bright soliton un-
dergoes a Hopf bifurcation that leads to formation
of self-pulsing solitons.8,9 When the parameters are
varied, these self-pulsing solitons undergo secondary
bifurcations that can lead to spatiotemporal chaos in
period doubling and quasi-periodicity situations. For
the Kerr-cavity model [Eq. (1)] the same behavior is
expected for large values of g (strictly speaking, for
g ! `). Next we show that, even for moderately large
values of g, qualitatively similar effects are observed,
which indicates that the PGLE captures the main
features of the Kerr cavity even far from its strict
validity limit.
We numerically integrated Eq. (1) for g  10 and
h  1 (self-focusing case) for liquids. The numeri-
cal scheme used a split-step algorithm with periodic
boundary conditions. The integration region had a
length x  1, and a grid of 2048 points was used. We
limited our study to not-too-large values of the cavity
detuning D (up to D  8) to prevent the inf luence of
the scalar pattern from forming instability (for g  10,
DP  9.933).
Figure 2 summarizes our numerical study of Eq. (1)
on the plane D, E2. The results are marked by
crosses (joined by smooth curves obtained by interpo-
lation) that correspond to different boundaries. The
numerical CS exists between the two straight lines.
It is stable in the region ST and is affected by a Hopf
bifurcation that leads to simple periodic behavior P1
[Fig. 3(a)]. Below the lower straight line in Fig. 2
the soliton switches off. Above the upper straight
line the soliton destabilizes to a patterned state (rolls
Fig. 1. Cavity solitons for liquids. (a) Bright soliton in
the self-focusing case, (b) dark soliton in the self-defocusing
case. Parameters are (a) D  2.5, E  1.5, and g  10, 25,
50 from bottom to top; (b) D  0.5, E  2, and g  25, 50,
150 from bottom to top. Dashed curves correspond to the
solutions [Eqs. (3) and (4)] of the PGLE.
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Fig. 2. Bifurcation diagram of the bright CS for g  10
and h  11 in the case of liquids. See text.
Fig. 3. Field portraits corresponding to the center of the
bright CS, showing a period-doubling cascade for D  7.25.
(a) P1E  2.40, (b) P2E  2.20, (c) P4E  2.16,
(d) P8E  2.144, (e) chaos E  2.14. (f ) A P6E  2.12
behavior that occurs in a periodic window inside the
chaotic domain.
to the left of the Hopf bifurcation and shows weak
spatiotemporal chaos to the right of it). Increasing D
from the P1 region initiates a period-doubling (gray
area) route to chaos (black area) (Fig. 2) that f inally
leads to the switching off of the CS. The qualitative
agreement with the numerical analysis of the PGLE8
confirms that the PGLE description of the system
is qualitatively correct even for not-too-large values
of g. Let us finally comment that the period of
oscillation in the P1 region is typically 1–10 times the
cavity photon lifetime of the field, A1, and, as can be
deduced from Fig. 3(a), the maximum-to-minimum CS
peak intensity ratio is typically 3–5 (the exact values
depend on the parameter set).
Let us just mention that both bright and dark CS’s
are found in two-dimensional simulations. Never-
theless, we find that the bright CS is intrinsically
self-pulsing, at least for the parameter region consid-
ered here.
In conclusion, we have shown that anisotropic
vectorial Kerr cavities pumped by linearly polarized
light can support bright (dark) CS in the self-focusing
(self-defocusing) cases. The existence of the bright
CS requires that the polarization instability that
affects the trivial state be subcritical, which can occur
only in anisotropic cavities.1
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Abstract
Instabilities in vectorial Kerr cavities can arise from two different
bifurcations of scalar and vectorial character. We study the conditions that
determine which of the instabilities is responsible for pattern formation. We
find that a subcritical homogeneous polarization instability governs pattern
formation when cavity anisotropy or injected field detuning is large. Under
these conditions the system exhibits bright cavity solitons.
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Theoretical studies on pattern formation in cavity nonlinear
optics concentrate on a limited number of archetypical systems.
One of the aims of these studies is to gain general understanding
of the conditions for producing patterns in the laboratory by
progressively modelling phenomena that may have relevance
under real experimental conditions. Special emphasis is placed
on searching conditions for obtaining localized structures
(usually termed cavity solitons) both because of their intrinsic
interest as fascinating nonlinear entities and because of their
potentiality for information storage and processing.
One of the systems that has attracted attention since the
seminal work of Lugiato and Lefever [1] is the Kerr cavity,
which is an optical resonator filled with a Kerr medium and
driven by a coherent field. This system is interesting in itself
but can also be regarded as an approximation to dispersive
optical bistability (e.g. a passive system of two-level atoms
driven by a highly detuned injected field). The Lugiato–
Lefever model was later extended to include the possibility
of a polarization instability in [2], where it was shown that for
a polarization-insensitive cavity (a cavity with equal losses and
equal cavity frequencies for both polarization components of
the intracavity field) the polarization instability was relevant at
the onset of pattern formation for a defocusing nonlinearity (in
the case of a focusing nonlinearity the polarization instability
was always preceded by the usual Kerr instability). This
first work on pattern formation in vectorial Kerr cavities was
extended in [3], where the case of elliptically polarized input
was considered, and in [4], where two-dimensional dark-ring
solitons were studied.
Our group extended these works by considering a dichroic
anisotropic cavity (with different linear losses for the two
polarization components). We showed that large enough cavity
anisotropy introduces two new important facts: (i) it means
that the polarization instability may be subcritical [5] and
(ii) it means that the polarization instability governs pattern
formation also in the self-focusing case [6]. These two facts
lead to the possibility of existence of bright cavity solitons
(which in this case are polarization solitons), whose existence
we demonstrated in [6]. In this paper we extend our previous
work to cover the possibility of different cavity frequencies for
the two intracavity polarization field components. As we show
below this last situation also allows for the existence of bright
cavity solitons.
2. Model
We consider an optical resonator filled with an isotropic
χ (3) medium and driven by a spatially homogeneous linearly
polarized coherent field of real amplitude E that propagates
along the resonator axis (z axis). The resonator is anisotropic;
i.e., the two intracavity field polarization components A0 and
A1 (parallel and orthogonal to the input field, respectively)
experience different losses (γ0 and γ1 respectively). We further
assume that the detunings of the two polarization components
can be controlled independently (for example by introducing
an anisotropic plate inside the cavity). The adimensional
model equations for such a system in the mean-field limit
read [5, 6]
∂t A0 = −(γ + iη  0)A0 + iη (|A0|2 A0
+A |A1|2 A0 + B2 A
2
1 A
∗
0) + i∇2 A0 + γ E, (1)
∂t A1 = −(1 + iη  1)A1 + iη (|A1|2 A1
+A |A0|2 A1 + B2 A
2
0 A
∗
1) + i∇2 A1. (2)
In equations (1) and (2) ∇2 = ∂2x + ∂2y is the transverse
Laplacian operator (the transverse spatial coordinates x, y
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are normalized to the diffraction coefficient) and time t is
normalized to γ1. 0 and 1 are the cavity detunings of the
fields A0 and A1, γ = γ0/γ1 is the cavity anisotropy parameter
and η accounts for self-focusing (η = +1) and self-defocusing
(η = −1) cases. Finally, A and B are the Maker and Terhune
coefficients, which satisfy A + B2 = 1 for isotropic media [7].
For details on the normalizations see [5].
This model has been previously studied in the context
of pattern formation only in the case 1 = 0. As already
quoted, in [2–4] the case γ = 1 was considered, and in [5, 6]
the case of arbitrary γ was studied.
3. Homogeneous solutions
Equations (1) and (2) have two homogeneous solutions. One
is the linearly polarized (A1 = 0) state
γ 2 E2 = [γ 2 + (0 − I0)2 ]I0, (3)
φ0 = arccos
√
I0
E
(4)
and the other is the elliptically polarized state
γ 2 E2 I0 = (I1 + γ I0)2 +[(1 − I1) I1 − (0 − I0) I0]2 , (5)
I1 = 1 −AI0 ±
√(
B
2
I0
)2
− 1, (6)
φ0 = arccos
√
I0
E
(
1 +
I1
γ I0
)
, (7)
φ1 = −φ0 + arccos
1 −AI0 − I1
B I0
, (8)
where Ak ≡
√
Ik exp (iφk). The primary solution of the system
(in the sense that it exists for any parameter set) is the linearly
polarized one, equation (3), and patterns arise as a consequence
of its destabilization.
The linearly polarized solution equation (3) is known to be
a multivalued function of the input field E for 0 >
√
3γ [1,2].
In its turn, the elliptically polarized solution equation (5) can be
also a multivalued function. For the particular case 0 = 1
the multistability of that solution was analysed in detail in [5].
It will be of later relevance to know under which conditions
the polarization instability is subcritical and what implies the
coexistence, close below the instability point, of the stable
linearly polarized state (I1 = 0) and an elliptically polarized
state (I1 
= 0).
For our purposes, especially relevant are the results
of [5] concerning the role played by γ in the character
of the polarization instability. In particular it was shown
that the polarization instability can become subcritical for
γ > 2 (the actual value depends on the detuning) whenever
0 (= 1) > 13 . Making use of this knowledge we showed
later in [6] that bright cavity solitons can be excited in the
system associated with this subcritical bifurcation for large
cavity anisotropy. As we show next, the most outstanding
effect of letting 0 
= 1 is that the polarization instability
can become subcritical even for a cavity with equal losses for
the two field polarization components (γ = 1). An example is
given in figure 1, where we take γ = 1 and 1 = 2. For 0 =
1 = 2 (full curve in figure 1(a)), the polarization instability
1 4 7
0
3
6
I1
(a )
4 6 8
0
3
6
I1
0
3
6
I1
5 7 9
E
(b )
(c )
Figure 1. Intensity of the A1 field component corresponding to the
homogeneous elliptically polarized solution as a function of the
input field E . The parameters are A = 1/4,B = 3/2, γ = 1,
1 = 2 and several values of 0: (a) 0 = 2 (full curve) and
0 = 3 (dashed curve), (b) 0 = 5, and (c) 0 = 6.
is supercritical and the intensity of the cross-polarized field
I1 is a single-valued function of the input field E . For
0 = 4 (dashed curve in figure 1(a)), the bifurcation remains
supercritical but I1 becomes multivalued. Further increasing
0 leads to a change in the character of the bifurcation. For
0 = 5 (figure 1(b)), the bifurcation is already subcritical and
an additional domain of multivaluedness associated with this
bifurcation appears. Further increasing 0 makes both the
multivalued domains increase and, especially, that the upper
‘S’ shifts to the left, even leading to the coexistence of five
solutions, as shown in figure 1(c) for 0 = 6.
It can be easily shown from equations (5) and (6) that the
polarization instability is subcritical when
0 >
αC1 + BC2 − 16(0 − 1)
α(B − 1) , (9)
α =
√
4(B − 1) + (B1)2, (10)
C1 = 2[(0 − 1)2 + γ 2 − 2γ − 3]
+B(21 + 401 − 520 − 5γ 2 + 12γ + 9)
+B2(21 + 4
2
0 + 4γ
2 − 12γ − 3)
−B3(21 + 20 + γ 2 − 4γ ), (11)
C2 = 8(50 − 31)
−B[731 + 201 − 8210 + 320 − (9 − γ 2)1]
+B2[531 − 12021 + 2120 + 80 + (2γ 2 − 1)1]
−B31(21 − 401 + 20 + γ 2). (12)
In figure 2 the boundary predicted by equation (9) is
represented for the particular case of liquids (A = 1/4,B =
3/2). In figure 2(a) we take 1 = 0 ≡  and the boundary
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Figure 2. Domains in which the homogeneous polarization
instability is subcritical or supercritical. In (a) 0 = 1 ≡  and in
(b) γ = 1.
is represented on the plane 〈, γ 〉. There are two domains
where the polarization instability is subcritical: one for γ > 2
and  > 13 , and another one for γ < 0.06 and  > 0.7 ca [5].
In figure 2(b) we take γ = 1 and represent the boundary in
the plane 〈0, 1〉. In this case the polarization instability is
subcritical also in two domains (for 1 < 0 the instability is
always supercritical).
4. Stability analysis
As stated, the primary solution of the system is the linearly
polarized solution equation (3). Its stability analysis versus
perturbations of the form δAi (r , t) = δAi exp
(
λ t +ik ·r), with
r = (x, y), leads to a characteristic equation consisting of the
product of two second-order polynomials. The corresponding
eigenvalues read
λ0 = −γ ±
√
I 20 −
(
0 + ηk2 − 2I0
)2
, (13)
λ1 = −1 ±
√(
B
2
I0
)2
− (1 + ηk2 −AI0)2, (14)
where k2 = k · k. The eigenvalue λ0 (13) is associated
with perturbations
(
δA0, δA∗0
)
and thus it does not lead to the
switching on of the field A1. It describes both the optical
bistability and the pattern forming instability of the Lugiato–
Lefever model [1]. The instabilities associated with λ0 will be
called Kerr instabilities. In contrast the eigenvalue λ1 (14) is
associated with perturbations
(
δA1, δA∗1
)
and thus describes
the switching on of the field A1, which entails a change
in the polarization state of the system. Accordingly the
instability associated with this eigenvalue is usually termed
the polarization instability. In order to make a clear exposition
of the bifurcations, we find it convenient to study separately
the self-focusing and self-defocusing cases.
4.1. Self-focusing case (η = +1)
Consider first λ0. The eigenvalue with the plus sign can
become positive. By derivating (13) with respect to k
one obtains that the most unstable mode, of transverse
wavenumberk = kK , is
k2K = (2I0 − 0) for 0 < 2I0, (15)
k2K = 0 for 0 > 2I0, (16)
and thus the bifurcation associated with λ0 is pattern forming
(the most unstable mode has a finite wavenumber) for 0 <
2I0, whereas it leads to optical bistability (the most unstable
mode is the one with k = 0) for 0 > 2I0. The corresponding
instability thresholds are
I0,K = γ for 0 < 2γ, (17)
I0,K = 13
(
20 −
√
20 − 3γ 2
)
for 0 > 2γ. (18)
Consider now λ1, equation (14). In this case the most
unstable mode, of wavenumber k = kP, is
k2P = (AI0 − 1) for 1 < AI0, (19)
k2P = 0 for 1 > AI0 (20)
and thus the bifurcation associated with λ1 is pattern forming
for 1 < AI0, whereas it leads to the homogeneous elliptically
polarized solution for 1 > AI0 (we term this last bifurcation
the homogeneous polarization instability). The instability
thresholds are
I0,P = 2
B
for 1 <
2A
B
, (21)
I0,P =
(B − 2) 1 +
√
B221 + 4 (B − 1)
2 (B − 1)
for 1 >
2A
B
. (22)
In order to illustrate which instability dominates the
destabilization of the homogeneous linearly polarized solution,
let us concentrate again on the particular case of liquids
(A = 1/4,B = 3/2). In figure 3 the relevant instability curves
are plotted in the plane I0 versus detuning 1. The horizontal
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Figure 3. Stability analysis boundaries for η = +1 corresponding to
liquids (A = 1/4 and B = 3/2). The full (dashed) curve
corresponds to the polarization (Kerr) instability. In the horizontal
(tilted) domains the most unstable mode has a non-null (null)
wavenumber. The rest of the parameters are (a) γ = 1 and 0 = 1,
(b) γ = 3.5 and 0 = 1 and (c) γ = 1 and 0 = 1 + 8.
(tilted) portions of the curves correspond to the case in which
the most unstable mode has a non-null (null) wavenumber. In
figure 3(a) the case γ = 1 and 0 = 1 is represented. Notice
that the Kerr instability always dominates the destabilization
of the linearly polarized homogeneous solution, since its
threshold is lower than that of the polarization instability.
In figure 3(b) we keep 0 = 1 but take γ = 3.5. The
effect of increasing γ is to shift upwards and rightwards the
Kerr instability lines. As a result the polarization instability
dominates for 1 below a given value (easily obtainable from
the condition kP = kK ). The domain in 1 for which the
primary instability is the polarization one with kP = 0 (from
1 = 1/3 to 3.3 in the figure) is particularly relevant since, as
γ is large, the polarization instability is subcritical in a part of
this domain (see figure 2(a)). The domain in detunings where
this occurs increases as γ is increased.
Finally we consider the case of different detunings while
keeping γ = 1. In figure 3(c) we have taken 0 = (1 + 8)1
and we see that the effect with respect to figure 3(a) is to
shift leftwards the Kerr instability lines. Similarly to the
case of large γ , the result is that there is a domain where
the homogeneous polarization instability is responsible for the
destabilization (this does not occur for 0 smaller than 1 or
for 0 negative since in this case the Kerr instability lines move
rightwards). Again, since 0 is large there is a domain in 1
1 The relation 0 = δ + 1 (δ constant) exactly describes the case in which
an anisotropic plate, with principal axes aligned along the x and y directions
(parallel to A0 and to A1, respectively) is inserted into the cavity. Here δ is
proportional to the dephasing between the two fields, associated with their
crossing through the plate.
for which the polarization instability with k = 0 is subcritical
(compare with figure 2(b)).
As a conclusion we see that in the self-focusing case the
polarization instability can precede the Kerr instability both for
large γ and for large 0. Importantly, in both these two limits,
within the domain of 1 values for which the polarization
instability is to the homogeneous mode, the bifurcation turns
out to be subcritical if γ or 0 is large enough. We will
come back to this important point since these facts suggest
the existence of bright cavity solitons.
4.2. Self-defocusing case (η = −1)
Following the same lines as in the previous subsection one
finds that the most unstable modes for the Kerr instability are
k2K = (0 − 2I0) for 0 > 2I0, (23)
k2K = 0 for 0 < 2I0, (24)
corresponding to a pattern forming instability for 0 > 2I0.
The corresponding instability thresholds are
I0,K = γ for 0 > 2γ, (25)
I0,K = 13
(
20 ±
√
20 − 3γ 2
)
for 0 < 2γ. (26)
In the case of the polarization instability the most unstable
mode is
k2P = (1 −AI0) , for 1 > AI0, (27)
k2P = 0 for 1 < AI0 (28)
and it is a pattern forming instability for 1 > AI0. The
instability thresholds are
I0,P = 2
B
for 1 >
2A
B
, (29)
I0,P =
(B − 2) 1 +
√
B221 + 4 (B − 1)
2 (B − 1)
for 1 <
2A
B
. (30)
In figure 4 an analysis similar to that given in figure 3
is presented. Figure 4(a) (in which 0 = 1, and γ = 1)
shows that the polarization instability is the relevant one for
0 = 1 <
√
3 whilst the Kerr instability is for 0 = 1 >√
3. The increase of γ makes the Kerr instability play no
role, as can be seen in figure 4(b) for γ = 3.5. Notice that
now, in contrast to the self-focusing case, the homogeneous
polarization instability is not subcritical (see figure 2(a)).
Finally, the increase of 0 in this self-defocusing case plays
the role opposite to the one it plays in the self-focusing case;
i.e., the Kerr instability is shifted leftwards and the polarization
instability is preceded by the Kerr one.
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Figure 4. As figure 3 but for η = −1.
5. Bright cavity solitons
The existence of a bright cavity soliton can be intuitively
understood as a consequence of the coexistence, in space, of
a stable homogeneous solution and a stable pattern (e.g. a roll
pattern for one transverse dimension or a hexagonal pattern
for two transverse dimensions). As a result of this bistability,
different regions of space can choose different solutions. If the
system remains in the homogeneous solution in a large region
of the transverse space except in a small region where it chooses
a cell of the patterned solution, a localized intensity peak will
be observed surrounded by a homogeneous background. In our
case this possibility exists in the region where the elliptically
polarized solution and the linearly polarized solution coexist
(as occurs, e.g., when the polarization instability is subcritical)
whenever the elliptically polarized solution is modulationally
unstable. It is important to notice however that the absence
of coexistence between two homogeneous solutions does not
rule out the coexistence between a homogeneous solution and
a pattern, since the latter can also be born subcritically from a
pattern forming instability [8]. Nevertheless the coexistence
of homogeneous solutions is, a priori, a good situation for
the existence of bright solitons: the necessary condition is
that one of the solutions is unstable versus finite-wavenumber
perturbations.
Here we do not attempt to assess the stability of the
elliptically polarized solution in the subcritical domain, thus
characterizing all situations in which bright cavity solitons are
expected. The main aim of this section is to give evidence
that the previous reasonings are confirmed by numerical
simulations of the model (1), (2). In any case we have
numerically checked the stability of the elliptically polarized
solution for the parameter values used below and have found
that it is unstable for any value of E .
0
2
4
I1
-5 0 5
x
Figure 5. Intensity of the A1 field component corresponding to a
single (full curve) and a double peak (dashed curve) soliton. The
parameters are A = 1/4, B = 3/2, η = +1, γ = 1, 0 = 10,
1 = 2 and E = 11.
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Figure 6. Dependence of the height (dots) and width (diamonds) of
the bright soliton for the same parameters as in figure 5.
From the previous sections we have learned that suitable
conditions for the existence of bright cavity solitons (these
conditions are (i) that the homogeneous polarization instability
rules the destabilization of the linearly polarized solution and
(ii) that this bifurcation is subcritical) are met only in the self-
focusing case and for large cavity anisotropy, γ , or for large
injected field detuning, 0.
The case of large γ has already been treated in detail in [6],
both analytically in the limit γ → ∞ , where a parametrically
driven, damped nonlinear Schro¨dinger equation was shown
to describe the bright cavity soliton dynamics of the system,
and numerically for γ = 10. Here we consider the bright
cavity solitons appearing for large 0. We have numerically
integrated our model equations in one transverse dimension
looking for localized structures in the case 0 = 10, 1 = 2
and γ = 1. The numerical integration has been performed
with a split-step algorithm with 2048 spatial points. The
length of the integration window is 20. Figure 5 shows the
intensity I1 of a soliton found for E = 11 (below the subcritical
polarization instability, which occurs at E = EP = 11.793 in
this case). Also shown (dashed curve) is a seemingly stable
bound state of two solitons. Figure 6 shows the peak intensity
(dots) and width (diamonds) of the soliton as a function of
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E . We note that the domain of existence of the soliton is
bounded from above by EP (for E > EP the linearly polarized
solution loses stability and the soliton zero background grows
and destabilizes) and from below, very approximately, by the
value where the homogeneous elliptically polarized solution
disappears through a turning point (similar to that shown in
figure 1(b)). We also note that the peak intensity is very
approximately twice the value of the corresponding (unstable)
homogeneous intensity, which is typical of bright solitons
associated with subcritical bifurcations, such as those found
in the parametrically driven, damped nonlinear Schro¨dinger
equation [6]. Thus we observe bright cavity solitons in a
region that very approximately coincides with the domain
where there is coexistence between the linearly polarized
solution (I1 = 0) and the (modulationally unstable) elliptically
polarized solution.
6. Conclusions
In this paper we have analysed the two possible instabilities
(Kerr instability and polarization instability) of the linearly
polarized state of a vectorial Kerr cavity, pumped by a linearly
polarized coherent field. The general case of different losses
and detunings for the two linearly polarized intracavity fields,
parallel and orthogonal to the input field polarization, has
been considered. In particular, this analysis has led to the
identification of parameter domains where the polarization
instability leading to the spatially homogeneous elliptically
polarized solution is subcritical. From the point of view
of the formation of bright cavity solitons these domains are
potentially interesting, and we have given evidence that such
localized structures exist in the case of equal losses (γ = 1)
and large pump detuning 0.
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Parametrically driven systems sustaining sech solitons are shown to support a new kind of localized
state. These structures are walls connecting two regions oscillating in antiphase that form in the
parameter domain where the sech soliton is unstable. Depending on the parameter set the oppositely
phased domains can be either spatially uniform or patterned. Both chiral (Bloch) and nonchiral (Ising)
walls are found, which bifurcate one into the other via an Ising-Bloch transition. W hile Ising walls are
at rest Bloch walls move and may display secondary bifurcations leading to chaotic wall motion.
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The periodic forcing of dissipative, dispersive nonlin-
ear systems may lead to the excitation of sustained waves
oscillating at half the driving frequency, a phenomenon
known as parametric resonance. One of its paradigms is
the excitation of surface waves in liquids vertically vi-
brated on horizontal plates. Apart from supplying energy
to the system, the periodic forcing breaks the continuous
time translation invariace of the undriven system down to
the discrete one t ! t 2=!f, where !f denotes the
angular frequency of driving. Alternatively, in the ab-
sence of driving, the (damped) oscillations can have an
arbitrary phase, whereas forced waves see an external
clock and their phase tends to lock to it: the phase
invariance of the undriven oscillations is broken. In par-
ticular, when the frequency of oscillations is half that of
driving, as in parametric resonance, symmetry consider-
ations [1] allow one to conclude that there exist two
dynamically equivalent preferred phases differing by .
In spatially extended systems this equivalence allows the
antiphase oscillation of two neighboring regions (do-
mains), which appear separated by a so-called wall.
Two types of walls, namely, Ising and Bloch walls, exist
which differ in the way the phase of oscillations changes
across them: In an Ising wall the phase displays a discon-
tinuous  jump at a nonoscillating node, whereas in a
Bloch wall the phase angle rotates continuously through
. Hence Bloch walls are chiral (have the symmetry of a
corkscrew) while Ising walls are not, and this has impor-
tant effects on the walls dynamics [1,2]. Ising and Bloch
walls may bifurcate one into the other via a nonequili-
brium Ising-Bloch transition [2,3], similar to the (equi-
librium) Ising-Bloch transition of ferromagnets.
Ising walls in the form of hyperbolic tangents (also
called kinks or dark solitons) have been observed in the
parametrically driven surface waves of liquids in shallow
channels [4] and in the parametric excitation of the upper
cutoff mode of a chain of coupled pendula [5]. A key
feature of both systems is that the sign of dispersion and
nonlinear frequency shift are opposite. On the contrary,
when they have the same sign, the localized structures
supported by parametrically driven systems are of a
different nature. Now solitons have the form of hyper-
bolic secants (also called solitary waves or bright soli-
tons) and have been observed in the parametrically driven
surface waves of liquids in deep channels [6] and in the
parametric excitation of the lower cutoff mode of a chain
of coupled pendula [7]. Both tanh and sech solitons are
well understood in the frame of nonlinear Schro¨dinger
models generalized by terms accounting for dissipation
and parametric drive [4,5,7,8]. In this Letter we show that
parametrically driven systems supporting sech solitons
may display domain walls as well. These new structures
are predicted to exist within the parameter region where
the soliton is unstable against spatially extended modes.
W e consider a basic equation widely used for modeling
the parametric forcing of cutoff modes in one dimen-
sional systems,
@tu  u
  1 i
u i @2xu i juj
2u;
(1)
where u is the slowly varying complex envelope of oscil-
lations and u is its complex conjugate. A typical scalar
variable h, e.g., the fluid surface displacement from pla-
narity, can be expressed in terms of u as hx; t 
Re	ux; t expi!ft=2
. Equation (1) is adimensional
and contains four real parameters: (i) the driving strength
, proportional to the amplitude of forcing; (ii) the de-
tuning 
, proportional to the difference between !f=2
and the frequency of the cutoff mode; (iii) the wave-
number-dependent damping coefficient ; and (iv) the
nonlinear damping coefficient . Parameters  and 
are non-negative, and  is taken as non-negative without
loss of generality. Note that the term u breaks the
continuous phase symmetry u ! eiu of the undriven
  0 system down to the discrete one u ! u, so
that each state has a single equivalent one, of opposite
phase, as commented.
For     0, Eq. (1) is a parametrically driven,
damped nonlinear Schro¨dinger (PDNLS) equation. It is
used to model parametrically excited surface waves in
long channels [8], parametrically driven chains of
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coupled pendula [7,9], parametric waves in plasma [10],
phase-sensitive amplification in optical systems [11], and
magnetization waves in parametrically pumped easy-
plane ferromagnets [12]. It also governs the dynamics
[12] of parametrically driven, damped sine-Gordon sys-
tems [13].
The terms proportional to  and  in Eq. (1) are
considered here as a perturbation of the PDNLS equation.
They represent actual dissipation mechanisms [14,15],
although they are usually neglected in the studies
of parametric resonance. We keep these terms since
they have important effects on the solutions here ana-
lyzed [16].
Before reporting on the new states, let us briefly com-
ment on the known solutions to the PDNLS equation ( 
  0). (i) For 
 < 0 the trivial state u  0 becomes
unstable at   1 giving rise supercritically to roll sol-
utions [17]. (ii) For 
 > 0 the trivial state undergoes a
subcritical bifurcation at   
 

1 
2
p
, leading to a
sech soliton for 1 <  < 
 [8,9,12]. For  > 
 the
soliton is destabilized since the trivial state (to which
the solitons asymptotically tends) is unstable and spa-
tially extended modes are amplified. In this region
( > 
 and 
 > 0), stable roll solutions urollx ’
ei’00  1 coskcx, with cos2’0  1, 20 
3
=5

2  1
p
, 21  4
=15, and k2c  
 2

2  1
p
,
exist [18]. Note that urollx is not symmetric with respect
to u  0 because of the bias term 0. We argue that, given
the broken phase invariance of Eq. (1), stable walls join-
ing the two  roll states should exist for  > 
 and

 > 0. Clearly, different to the usual ( tanh) domain walls,
these new solutions should connect two patterned states.
In order to determine the nature of the sought walls we
introduce a chirality parameter   Im	ux0@xux0
,
where x0 is the position of the wall core (where juj is
closest to zero). For Ising (Bloch) walls   0 (  0).
Since Eq. (1) is invariant under spatial translations x !
x x0 and spatial reflections x ! x, if a Bloch wall
u1  uBx x0; t exists with chirality 1 another Bloch
wall u2  uBx0  x; t also exists and has chirality 2 
1. This is important since a generic property of do-
main walls (at least of the tanh type) in nongradient
systems—such as Eq. (1) —is that they move with a
velocity proportional to their chirality [2], so that Bloch
walls with opposite chiralities should move in opposite
directions, and Ising walls   0 should be at rest.
We show next the results of our numerical study of
Eq. (1) [19]. Since periodic boundary conditions were
used, not one but two domain walls had to be excited.
Nevertheless, the chosen integrating window length L
allowed both walls to be separated enough so that there
was no interaction between the two walls [20].
Bloch walls in the PDN LS equation.—For     0
only Bloch walls are found, of which Fig. 1 (upper row) is
an example. The domain wall nature of this structure is
evident in Fig. 1(a) where Reu is shown to consist of two
rolls with opposite signs (phases) joined by a wall. The
fact that these are Bloch walls is evident in Fig. 1(b)
where u is seen to be different from zero everywhere, so
that its phase varies smoothly from one roll to the other.
As expected these Bloch walls move although their mo-
tion is not ’’clean’’: walls are usually wandering around a
fixed location in an irregular way. These walls exist
within region B of Fig. 2(a). Region B is bounded from
below by the line   
 (below this line walls destabi-
lize leading to chains of bright solitons in a way similar
to [18]) and from above. As the upper boundary is ap-
proached from region B the spatial modulations next to
the wall, see Fig. 1(a), increase and approach the complex
zero. At the boundary these deep modulations become so
close to the complex zero that new defects are nucleated.
The above mechanism affects in turn each of the new
defects and propagates across the entire pattern, eventu-
ally leading to a weakly turbulent, unbiased roll pattern.
Ising and Bloch walls in the perturbed PDN LS equa-
tion.—The effects of a nonzero  or a non-null  in
Eq. (1) are similar and fourfold: (i) the region of existence
of domain walls is enlarged; (ii) the spatially uniform
solutions (always unstable in the PDNLS equation [18])
stabilize within some parameter region and usual domain
walls connecting spatially homogeneous states are ex-
cited, besides the spatially modulated domain walls;
(iii) besides the Bloch walls reported above, Ising walls
also exist and bifurcate into Bloch walls via an Ising-
Bloch transition; and (iv) Bloch walls display secondary
instabilities affecting their motion, eventually leading to
chaotic behavior.
Figure 2 summarizes points (i)–(iii) above by showing
the domains of existence of Ising and Bloch walls on the
FIG. 1. Upper (lower) row corresponds to a Bloch (Ising)
wall. Parameters are   2:0, 
  0:8,     0 for the
Bloch wall, and   1:25, 
  0:1,   0,   0:01 for the
Ising wall.
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plane  
 for f  0:01;   0g, Fig. 2(b), and f 
0;   0:01g, Fig. 2(c). The line that separates regions I
from B corresponds to the Ising-Bloch transition. Outside
regions I and B walls destabilize through the same
mechanisms described above for the PDNLS equation.
Also depicted (dashed line) is the stability boundary of
the spatially homogeneous states as predicted by their
linear stability analysis: to the left of the dashed line
the homogeneous steady states are stable and can form
domain walls, which can be of either Ising or Bloch type.
To the right of the dashed line the homogeneous states
destabilize towards roll solutions similar to uroll and
domain walls (of Ising or Bloch character) similar to
those found in the PDNLS equation form. An example
of an Ising wall connecting two spatially homogeneous
states is shown in the bottom row in Fig. 1. We have
checked that by increasing the values of  and  (keeping
them small) the region where domain walls exist is en-
larged, as well as the region where Ising walls are found.
In Fig. 3 we show a typical bifurcation diagram ob-
tained for f  1:3;   0;   0:01g. By increasing 

from the Ising region the Ising-Bloch transition occurs
at 
  0:134 where the Ising wall (at rest) bifurcates into
two Bloch walls of opposite chirality that move with
opposite velocities. Which one of the two Bloch walls is
excited is selected by numerical noise. One can also force
the direction of motion by giving a small chirality 0 to
the wall as an initial condition, the sign of 0 controlling
the direction of the drift. At 
  0:185 a secondary
bifurcation takes place, Fig. 3, where a new, oscillatory
motion is superimposed to the already constant drift of
the walls; see Fig. 4(a). Figure 4(b) displays a projection
onto the plane  v of the attractor associated to
Fig. 4(a) showing a clear correlation between these two
quantities even under oscillatory motion. Also shown in
Fig. 4(b) is the symmetric attractor corresponding to the
oppositely moving wall, with an accordingly opposite
chirality. Finally, by further increasing 
 oscillations
become more and more pronounced, Fig. 3, until the
velocity minima become virtually zero. In this situation
the two symmetric attractors [analogous to those in
Fig. 4(b)] glue and merge, the wall dynamics alternates
between these two lobes, Fig. 4(c), and a single chaotic
attractor is formed, Fig. 4(d).
We finally note that other scenarios, related to the one
reported here, have also been found and will be reported
elsewhere since they are not essential to our findings. We
just remark that when diffusion is considered (  0) the
bifurcation diagram is similar to the one found in the
anisotropic X Y model of statistical physics weakly per-
turbed by nongradient terms [1].
In conclusion we have shown that parametrically
driven systems exhibiting sech solitons can also support
tanh-like states in the high parametric gain region where
the sech solitons are unstable. This new solution is a
FIG. 3. Wall velocity v as a function of detuning 
 for  
1:3,   0,   0:01. The curve is a parabolic fit.
FIG. 2. Numerically determined existence regions of Ising (I)
and Bloch (B) walls. (a) corresponds to the PDNLS equation
(    0). (b)   0:01,   0. (c)   0,   0:01. The
nontrivial homogeneous state is stable above the dashed line
and the trivial state u  0 is unstable above line 
, only
indicated in (c).
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domain wall connecting two oppositely phased states,
both spatially homogeneous or patterned, which exhibits
an Ising-Bloch transition. Bloch walls move and exhibit
secondary bifurcations eventually leading to chaotic mo-
tion. A clear relation between the chirality associated to
the wall core and the velocity of the whole pattern has
been reported which means that the global dynamics of
the pattern is controlled by the local properties of the core
of the defect. Long channels of deep liquid and chains of
coupled pendula parametrically forced at twice the fre-
quency of the fundamental cross mode and the lower
cutoff mode, respectively, could be ideal systems to test
the phenomena reported here.
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Ab s trac t
Domain walls in ty p e I deg enerate op tical p arametric oscillators are
nu merically inv estig ated. Both steady Ising and mov ing Bloch walls are
fou nd, b ifu rcating one into another throu g h a noneq u ilib riu m Ising – Bloch
transition. Bloch walls are fou nd that connect either homog eneou s or roll
p lanforms. Secondary b ifu rcations affecting Bloch wall mov ement are
characterized that lead to a transition from a steady drift state to a temp oral
chaotic mov ement as the sy stem is mov ed far from the p rimary Ising – Bloch
b ifu rcation. Two kinds of rou tes to chaos are fou nd, b oth inv olv ing tori: the
u su al R u elle– Takens and an intermittent scenario.
K ey w o rd s : Ising – Bloch transition, domain walls, dissip ativ e stru ctu res,
p arametric oscillation
1 . I ntro d u c t io n
N onlinear op tical sy stems with b roken p hase sy mmetry and
hig h F resnel nu mb er hav e a tendency to emit lig ht b eams whose
transv erse section disp lay s u niformly illu minated domains
(u su ally sp atially homog eneou s) sep arated b y dark lines, the
so-called domain walls (DW s). These stru ctu res are also
commonp lace in self-oscillatory chemical reactors (like some
v ariants of the BZ reaction) forced at a 2:1 resonance, and
in weakly damp ed nonlinear mechanical sy stems (chains of
cou p led p endu la, or fl u ids) when p arametrically forced. In
b oth cases, su stained wav es ap p ear that oscillate at half the
driv ing freq u ency . An op tical analog u e of this is the deg enerate
op tical p arametric oscillator (DOPO): a χ (2) cav ity is driv en
b y a coherent lig ht fi eld of freq u ency 2ω and the sy stem starts
to oscillate (ab ov e a certain threshold) at the su b harmonic
freq u ency ω.
E x amp les of DW s hav e b een p redicted to occu r in the
last few y ears in sev eral nonlinear op tical resonators, su ch
as DOPOs [1– 5 ] , v ectorial K err cav ities [6 , 7 ] and ty p e II
second harmonic g eneration [8 ] and, imp ortantly , they hav e
also b een ex p erimentally realized in p arametric mix ing [ 9 ] .
R elated p henomena hav e also b een rep orted in nascent op tical
b istab ility [10 ], in which case domains of low and hig h lig ht
intensity are sep arated (or b etter, joined) b y a switching front,
and in sing le feedb ack mirror ex p eriments in the p resence of
an intrinsic p olarization instab ility [11], where domain p atterns
are ob serv ed.
Usu ally a DW asy mp totically joins two homog eneou s
states, u±. In the simp lest, most u su al case, u± hav e the same
amp litu de and op p osite p hase, i.e. u+ = −u−, corresp onding
to two antisy mmetric fi x ed p oints in the comp lex p lane
〈R e u, Im u〉. In this rep resentation, a trajectory connecting
the two domains can follow two p aths, corresp onding to two
different ty p es of walls: either crossing the comp lex zero (Ising
wall) or su rrou nding it (Bloch wall). In terms of the p hase, in
an Ising wall there is a discontinu ou s v ariation of the fi eld
p hase across the wall, whereas in a Bloch wall the p hase ang le
rotates throu g h pi across the wall. This is a cru cial difference
b etween Ising and Bloch walls as it imp lies that the latter are
chiral while the former are not. The chirality measu res the
direction and mag nitu de of the rotation of the p hase ang le at
the wall core and, as two directions of rotation of the p hase
ang le can in p rincip le b e ex p ected, Bloch walls of p ositiv e and
neg ativ e chirality can ex ist. Alternativ ely , in an Ising wall the
fi eld intensity v anishes at its core, whilst it is minimu m, b u t
not zero, in a Bloch wall. That is the reason why in nonlinear
op tics Ising and Bloch walls are sometimes referred to as dark
and g rey solitons, resp ectiv ely .
In noneq u ilib riu m sy stems, Ising walls b ifu rcate into
Bloch walls b y v ary ing a p arameter of the sy stem, the
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bifurcation point corresponding to the nonequilibrium Ising–
Bloch transition [12] (NIB in the following). In systems
showing this behaviour, the chirality behaves as an order
parameter, and can be described, in principle, by a nonlinear
evolution equation: the NIB transition is then related to
a bifurcation of the chirality parameter [13]. Importantly,
in gradient systems (those whose dynamics derives from a
potential), both Ising and Bloch walls are at rest. This is a
consequence of the equivalence between the states connected
by the wall, characterized by the same free energy. However,
in nongradient systems, such as the DOPO, a generic property
of Bloch walls is that they move with a velocity proportional to
(or related to) their chirality, while Ising walls are at rest [13].
The NIB transition has been found in systems of very
different nature, such as nematic liquid crystals [14], and
reaction–diffusion systems [15]. In the context of nonlinear
optics, it has been found in type II optical parametric oscillators
when cavity birefringence and/or mirror dichroism are taken
into account [6], and in type II second harmonic generation [8].
It has also been studied in universal equations describing
nonlinear optical cavities in some limiting cases, as is the case
of the parametrically driven Ginzburg–Landau equation [16]
and the parametrically driven nonlinear Schro¨dinger (PDNLS)
equation [17]. In [8], a universal criterion for evaluating
the NIB transition boundary in a wide variety of nongradient
systems was proposed.
The results obtained in [17] are particularly relevant for the
present work. Whilst it is well known that the PDNLS equation
with self-defocusing nonlinearity exhibits domain walls (tanh
solitons) [18], it was not known until recently [17] that domain
walls are also solutions of this equation when the nonlinearity
is self-focusing (in which case the basic solitonic structure is a
sech). This fact makes possible that the same nonlinear system
exhibits both bright and dark solitons in adjacent regions of the
parameter space, as bright solitons are stable solutions of the
PDNLS equation [19]. Moreover, in [17] it was shown that
an NIB transition occurs in this equation. It is to be remarked
that the DWs found in the self-focusing PDNLS equation can
connect not only homogeneous states, as usual domain walls
do, but also patterned states. As that equation has been derived
in nonlinear optics for a number of systems (in particular for
DOPOs with large pump detuning [1], vectorial Kerr cavities
with large cavity anisotropy [7], and fibre rings with phase-
sensitive amplification [20]), the results presented in [17] imply
that these systems should exhibit domain walls and a NIB
transition in some parameter range.
In this paper we show numerically that the Ising walls
previously studied in the type I DOPO can experience the NIB
transition for positive signal detuning. Remarkably, we show
that this occurs in a parameter domain for which the PDNLS
equation, which was derived for large pump detuning [1],
cannot be applied. The moving Bloch fronts that appear
beyond the NIB bifurcation connect two homogeneous states
with opposite phase, and exist in a finite parameter region.
By varying a control parameter (e.g., the signal detuning) the
homogeneous solutions connected by the Bloch wall become
modulationally unstable and are replaced by rolls. These new
domain walls exhibit a very rich dynamic behaviour that we
analyse in detail. We would like to mention that some of
the results presented here have been previously found by Le
Berre et al [4] in a propagation model for DOPO. In particular,
they pointed out that DWs exist in the DOPO also for positive
signal detuning, that these domain walls can connect patterned
states, and it was also speculated by the authors that the system
could exhibit a NIB transition. The main goals of the present
work are to characterize the NIB transition in DOPOs and to
describe in detail the nonlinear dynamics of the Bloch walls.
Our study, being specific to the DOPO model, finds however a
qualitative parallelism with our previous work on the PDNLS
equation [17]; we thus conjecture that our findings should be
applicable to other systems.
2. Model, homogeneous solutions and their stability
The standard, mean-field model for a type I DOPO reads [21]
∂ A0
∂T
= γ0
[−(1 + i0) (A0 − E) − A21 + ia0∇2 A0
]
, (1)
∂ A1
∂T
= γ1
[−(1 + i1)A1 + A0 A∗1 + ia1∇2 A1
]
, (2)
where An are the slowly varying envelopes of the intracavity
pump (n = 0) and signal (n = 1) fields, γn,n and an
their corresponding cavity decay rates, detuning and diffraction
coefficients, and E is the amplitude of the injected pump,
which in general may depend on transverse coordinates. The
phase-matching condition imposes that γ0a0 = 2γ1a1. In
this paper we shall consider the 1D limit of equation (1).
This situation corresponds, for example, to a slab waveguide
configuration for the resonator, in which the fields are confined
in one direction of the transverse plane, say Y , the diffraction
acting only in the X direction, and then ∇2 = ∂2/∂ X2.
In the following we shall concentrate on the particular case
γ0 = γ1 ≡ γ (hence a1 = 2a0), and use normalized time
t = γ T and space x = X/√a1. Moreover, throughout this
paper we shall assume that the two fields oscillate within the
same cavity and then we shall keep the relation 0 = 21
fixed.
For a spatially uniform injected pump, equations (1)
and (2) admit two homogeneous solutions. The trivial solution
{A0 = E, A1 = 0} exists for all parameter sets, while the
‘lasing’ solution
|A1|2 = 01 − 1 ±
√
E2(1 + 20) − (0 + 1)2,
|A0|2 = 1 + 21,
(3)
that corresponds to the subharmonic (signal) generation,
requires a threshold pump. The bifurcation from the trivial
solution to the lasing solution (3) occurs at E =
√
1 + 21; it
is subcritical (and then the lasing solution can coexist with the
stable trivial state) when 01 > 1, and is supercritical in
the opposite case [22]. For positive 1 (which is the case we
consider throughout the paper) this is the only bifurcation that
affects the trivial state. Note that the discrete phase symmetry
A1 → −A1 supported by equations (1) and (2) makes two
equivalent solutions of equal intensity but opposite phase exist
that are dynamically equivalent, and this opens the possibility
of exciting DWs connecting them. For negative 1 (a case we
do not discuss here) a pattern forming instability affecting the
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Figure 1. Bifurcation diagram in the parameter space pump
amplitude (E) versus signal detuning (1). The different curves
denote the following. (a) The location of the turning point of the
homogeneous, ‘lasing’ solution; in (b) the trivial solution losses its
stability; in (c) the homogeneous solution (that is stable to the left of
this line and unstable to the right) suffers a modulational instability
that gives rise to the appearance of patterns; finally, curve
(d) denotes the location of the Ising–Bloch transition. The region
denoted by BS corresponds to the bistability domain where bright
solitons can be excited.
trivial state occurs at E = 1 [21], leading to the appearance of
roll patterns [21, 23].
The stability of the lasing solution (3) against space-
dependent perturbations has also been investigated [1, 3].
A linear stability analysis predicts that a pattern forming
instability of the homogeneous state occurs for pump values
below a critical value or, alternatively, above a critical detuning
value. The analytical expressions are rather involved, but
the instability threshold can be found in particular cases
numerically. In figure 1 we represent the domain of
existence of the different solutions in the plane 〈1, E〉. The
homogeneous solution exists above curve (a), being stable to
the left of the dashed curve (c) and unstable versus the roll
pattern to the right of curve (c). The roll pattern appearing in
this region has a dc component, in contrast with the roll pattern
appearing for negative detuning, which has no dc component
and thus its visibility equals unity. In the region marked as
BS, between curves (a) and (b), the trivial and homogeneous
solutions coexist, but as the latter is modulationally unstable,
in this region bright cavity solitons are formed [1, 25].
3 . N oneq uilibrium Ising–Bloch transition
In this section we report the results of our numerical study
of the DW dynamics. We integrated equations (1) and (2)
numerically, making use of a split-step algorithm with periodic
boundary conditions. Spatial grids from 1024 to 8192 points
were used in order to check convergence. The results reported
here were obtained with an integrating window length L = 316
(other values were also used), and the temporal step was
lowered up to δt = 10−2 in order to yield δt-independent
results. We considered two cases for the pump amplitude
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Figure 2. Parametric representation of (a) an Ising and (b) a Bloch
wall, computed numerically from equation (1) with E = 3 and
(a) 1 = 1.2, and (b) 1 = 1.5.
profile E corresponding to (i) an infinitely extended plane-
wave field and (ii) a flat but spatially limited field, flat in order
to avoid any gradient effect on the DW dynamics. For this last
case we chose
E = E0 exp[− (x/x)8], (4)
with x = 0.45L , which is top-hat like: it is flat around
x = 0 and null close to the border of the integration region
(x = ±L/2). This supergaussian profile is used only with
the purpose of simulating a flat and finite pump, and that is
not essential for the results here reported. In fact very similar
results, differing mainly in minor quantitative details, are found
in the two studied cases, thus demonstrating the robustness of
the reported behaviour.
We first report the results obtained for a top-hat pump.
A wall connecting the two homogeneous oppositely phased
states was excited by using an appropriate initial condition.
The two kinds of walls, Ising and Bloch, were found at
different parameter values. Whilst the intensity trace |A1(x)|2
of the walls formed in the subharmonic field does not allow
us to distinguish clearly between Ising and Bloch walls—
due to the very small value of the intensity at the core of the
wall—the different nature of the walls can however be clearly
appreciated in a parametric representation 〈Re A1, Im A1〉 of
these interfaces. In figure 2 the parametric representations
of both an Ising wall, figure 2(a), obtained for E0 = 3 and
1 = 1.2, and a Bloch wall, figure 2(b), obtained for E0 = 3
and 1 = 1.5, are shown. The NIB transition, numerically
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Figure 3. Intensity profile of the signal field, |A1|2, as a function of
the normalized position x/L for E = 3 and 1 = 1.2. An Ising wall
appears at the centre.
computed from equations (1) and (2), is plotted in figure 1,
curve (d).
The NIB transition can be clearly identified as a
bifurcation of a chirality parameter defined as [17]
χ = Im[A∗1 (x0) ∂x A1 (x0)], (5)
where x0 is the position of the wall core, i.e. where |A1| is
closest to zero. Notice that if we use a polar decomposition
of A1(x) as A1(x) = |A1(x)| exp[iφ1(x)], then χ =
|A1(x0)|2∂xφ1(x0). Thus this quantity is sensitive to both the
sense and magnitude of the rotation of the phase angle at the
wall, ∂xφ1(x0), and to the intensity at the wall core, |A1(x0)|2.
Consequently χ = 0 for Ising walls and χ = 0 for Bloch walls,
and the NIB can be understood as a pitchfork bifurcation of
the chirality parameter.
As equations (1) and (2) are invariant under spatial
translations (x → x + x ′) and spatial reflections (x → −x),
if a Bloch wall A
(1)
1 = AB(x − x0, t) exists with chirality χ1
another Bloch wall A
(2)
1 = AB(x0 − x, t) also exists and has
chirality χ2 = −χ1. This is important, as a generic property
of domain walls in nongradient systems (at least for domain
walls of the tanh type) is that they move with a velocity which
is proportional to their chirality [13], so that Bloch walls with
opposite chiralities move in opposite directions, and Ising walls
(χ = 0) are at rest.
In figure 3 the signal field intensity |A1(x)|2 is shown for
the same set of parameters as in figure 2(a), and the Ising wall
is clearly appreciated in the centre of the illuminated region,
where it remains at rest indefinitely. In figure 4(a) a similar
representation for the same parameters as in figure 2(b), that is,
for a Bloch wall, is shown. In this case the position of the wall
varies with time, as can be seen in figure 4(b), which displays
the time evolution of the wall position: in contrast to the Ising
wall, the Bloch wall drifts at a velocity v (that depends on the
parameter values) until it reaches the boundary of the pumped
area, where it remains locked.
Let us notice that, in the wall neighbourhood, the
intensity profile of the signal field shows spatial oscillations
that decay exponentially to the homogeneous state given
by (3); see figures 3 and 4. These spatial modulations
appear in the parametric representation as a spiralling of
the heteroclinic trajectory around the stable fixed points
representing the homogeneous stable solutions; see figure 2.
These modulations have a characteristic wavenumber that can
be predicted by a spatial stability analysis [24], and are typical
of diffraction-supported fronts. These modulations play an
t
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Figure 4 . (a) As in figure 3 but for E = 3 and 1 = 1.5 showing a
Bloch wall. (b) Time evolution of the pattern. The pattern in (a)
corresponds to t = 400 in the time evolution shown in (b).
important role in the stabilization of the walls, and allow for
the existence of bounded states [24]. The number of orbits in
the parametric representation increases when approaching the
pattern forming instability boundary, curve (c) in figure 1.
4 . Nonlinear dynamics of the Bloch wall
We consider next the dynamical properties of Bloch walls.
First we consider the case of the top-hat pump profile of
equation (4), and then we consider the case of plane-wave
pumping. In both cases, a typical route is reported, as obtained
for E = 3, and the signal detuning 1 is left as the control
parameter.
4 .1. P ump fi eld w ith fi nite tr ansv er se extension
The Ising wall represented in figure 3 (also in figure 2(a)),
corresponding to 1 = 1.2, suffers instabilities at its core by
increasing 1. For the selected pump value, the NIB transition
is found at 1 = 1.362. At this point the value of the intensity
at the dip becomes different from zero, although it has an
extremely small value, and the wall starts to move with a
constant drift, as shown in figure 4 for 1 = 1.5. We note
that the drift velocity of the wall is not exactly constant as it
oscillates slightly with a very low frequency. We shall return
to this point in the next section.
For detuning values larger than 1 = 1.73, the
homogeneous solution (3) becomes modulationally unstable,
see figure 1, and each of the two domains connected by the wall
develop extended spatial oscillations. Bloch walls still exist in
this parameter region but now they connect two patterned states
instead of two homogeneous solutions [4]. This type of domain
wall was already found in the PDNLS [17]. An example of
the intensity profile of a wall affected by the modulational
instability is shown in figure 5, corresponding to 1 = 2.01.
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Figure 5 . As in figure 4 but for E = 3 and 1 = 2.
For this value of the detuning, after a transient the wall moves
at nearly constant velocity until it reaches the border of the
illuminated region, where it remains locked, see figure 5(b),
similarly to the case of figure 4(b). Notice however that now
the wall is bounced from the border of the illuminated region
before it locks to it. On further increasing the detuning, the
Bloch wall keeps existing, but it exhibits an erratic motion until
finally it is also locked to the boundary. This ‘chaotic’ motion
of the Bloch walls is observed for 1 > 2.03.
We see that with a pump of finite extension, the dynamics
of the domain walls is always transient as Bloch walls get
eventually locked to the boundary of the illuminated region.
Then, in order to quantitatively analyse the temporal dynamics
of Bloch walls, it is necessary to consider an infinitely extended
plane-wave pump in order to avoid the influence of boundary
effects. This is done in the next subsection.
4.2 . Infinitely extended pump field
For periodic boundary conditions and uniform pump, an even
number of DWs had to be excited. In our simulations, two
DWs were initially created. Consequently, care had to be taken
that the two DWs did not interact, as the dynamics of a single
DW was to be studied. This was done by checking that the
two domain walls were far apart from each other and that they
did not approach significantly during the numerical run. We
analysed the temporal series of both the chirality and velocity
of DWs. In figure 6 the dependence of both quantities on the
detuning 1 are shown for a pump value E = 3. Next we
analyse this bifurcation diagram in detail.
The NIB occurs at 1 = 1.362, as in the case of spatially
limited pump, and at this point both the chirality and velocity
of the wall become non-null through a pitchfork bifurcation.
Nevertheless, for detunings slightly below this value there
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Figure 6. Bifurcation diagram for the chirality (a) and velocity (b)
of the wall as a function of detuning for E = 3. I denotes the region
of existence of Ising walls and B the region of existence of Bloch
walls with constant velocity. In P the motion of Bloch walls is
periodic (quasiperiodic in T and T2, and chaotic in C) and the
maximum and minimum value of the chirality and velocity are
represented. The inset diagram show the dynamics in the grey
region, where Int corresponds to the intermittent route to chaos and
the symbol (? ) marks the detuning where the dynamics of a single
wall cannot be tracked (see the text).
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Figure 7 . Chirality spectrum for the time series corresponding to
E = 3, 1 = 1.361 (a) and 1 = 1.365 (b).
appears some subtle dynamics, as anticipated. For a detuning
of  = 1.361 we have observed that the position of the DW
oscillates in time, with null mean displacement and a very
small amplitude in the oscillations (of the order of a fraction
of a pixel—the determination of the intensity minimum was
done through a three-point parabolic fit). In figure 7(a) the
power spectrum of the chirality time series corresponding to
this case is shown. The frequency of the oscillation is so small
( f = 1.793 × 10−4) that runs with a duration t = 218
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Figure 8 . Chirality spectrum for the time series corresponding to
E = 3, 1 = 1.86 (a), 1 = 1.93 (b) and 1 = 1.99 (c); these
correspond to regions P, T, and T2 in the inset in figure 6.
(more than 26 million time steps) had to be considered in
order to have 47 oscillations. Given the tiny value of the
fundamental frequency, power spectra were obtained after
sampling every time unit. In figure 7(b) the power spectrum
corresponding to a detuning 1 = 1.365, that is beyond the
NIB transition, is shown. The fundamental frequency in the
spectrum is larger than that in figure 7(a) and, remarkably, the
dynamics is richer as higher order harmonics appear. In the
range of detunings 1.362 < 1 < 1.85, the movement of the
wall is practically steady, but for these very low frequency,
smallest amplitude, oscillations; that is, for constant detuning
the velocity is very nearly constant, its value increasing with the
detuning, as can be seen in figure 6. Unfortunately, as the NIB
transition is crossed, it is no longer possible to track the low
frequency dynamics, as new oscillatory bifurcations involving
much higher frequencies develop. Thus, up to 1 = 1.85, the
velocity of the Bloch wall is not constant, but the frequency of
the oscillation, as well as its amplitude, is so small that one can
consider it as practically constant. In the following we neglect
this low frequency dynamics.
At 1 = 1.85 there is a clear Hopf bifurcation at which the
velocity is no longer constant, but begins to oscillate in time (in
figure 6 we plot both the maximum and minimum values of the
velocity and chirality in this oscillatory regime). In figure 8(a)
the spectrum corresponding to that clear periodic motion is
shown. Let us remark that the frequency of these oscillations
is larger, by a factor greater than 350, than the low frequency
oscillations commented on above.
It is most interesting to notice that this Hopf bifurcation
occurs at exactly the same detuning value at which the
homogeneous solution of the system becomes modulationally
unstable, curve (c) in figure 1. This does not seem to be
accidental or specific to this system, as we have observed the
same phenomenon in the PDNLS equation [17, 26]. Then
it seems that the appearance of a Hopf bifurcation in the
movement of the Bloch wall is forced by the modulational
instability that the homogeneous solution undergoes. Up
to some extent this fact can be understood intuitively. The
appearance of a pattern on the background where the domain
wall exists necessarily influences the movement of the domain
wall, as the displacement of the wall forces local changes in
the spatial frequency of the pattern. In their turn, these local
readjustments in the pattern shape modify the velocity of the
Bloch wall. This is consistent with the fact that the oscillations
developed by the wall velocity increase their amplitude as the
detuning is increased, as occurs with the modulation of the roll
pattern on which the wall is ‘written’.
Further increasing the detuning leads to the appearance of
new frequencies in the spectrum. At 1 = 1.93, a new and
incommensurate frequency appears, see figure 8(b), reflecting
the fact that the movement of the wall is now quasiperiodic.
At 1 = 1.95, there still appears a third new incommensurate
frequency, and then the movement of the wall corresponds
to a 3-torus dynamics; see figure 8(c). This quasiperiodic
dynamics remains up to 1 = 2.014. In figure 9 we represent
a projection of the attractor on the 〈v, χ〉 plane for a periodic
and a quasiperiodic behaviour; see the caption. Notice in
figure 6(a) that at 1 ≈ 1.96, the minimum value of the
chirality becomes negative, although the velocity remains
positive along all the depicted lines (see also figure 9(b)). This
means that, under oscillatory dynamics, there is no longer a
direct relation between the sign and magnitude of the chirality
and those of the velocity.
We find it important to emphasize that the observed
dynamics is due to the existence of a DW: we have checked
that the roll pattern existing for 1 > 1.73 is always steady for
E = 3. Then, the secondary bifurcations affecting the Bloch
wall movement are not induced by any temporal dynamics of
the pattern, but have to be attributed to the interplay between
the change in the wall velocity with detuning, on the one side,
and the changes in the spatial frequency and modulation of the
roll pattern, on the other side.
For detuning values within the range 2.014 < 1 < 2.017
(within the shaded area depicted in figure 6) the dynamic
behaviour of the wall cannot be tracked, as the two excited
walls always coalesce into a single structure (a cavity soliton).
Although we tried to avoid this fact by changing the initial
conditions (more specifically, the initial chirality value of the
two walls) we have not been able to isolate the dynamics of a
single structure in this smallest domain of detunings.
Further, at 1 = 2.017, there appears a new qualitative
change in the dynamics of the Bloch wall: the time evolution
of the chirality (or the velocity) is again periodic, but now
the dynamics corresponds to an attractor different from the
one shown in figure 9, as can be seen in figure 10(a). This
new attractor is two sided, that is, the orbit on the 〈v, χ〉 plane
surrounds alternatively the two unstable symmetric fixed points
differing in sign of the chirality and the velocity. As in the
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Figure 9 . Attractor projection on the 〈v, χ〉 plane for (a) E = 3 and
1 = 1.86 (periodic attractor) and (b) E = 3 and 1 = 1.99
(quasiperiodic attractor).
previous case, this periodic attractor transforms into a chaotic
one, figure 10(b), after a series of bifurcations involving tori;
see figure 11. However, in this case the route to chaos is
quite unusual: by increasing the detuning, this motion remains
periodic until 1 = 2.0250, then at 1 = 2.0251 the motion
becomes quasiperiodic and at 1 = 2.0252 an intermittent
route to chaos (built on the torus) is initiated. Close to this
border laminar phases are very long, and they become shorter
as we move from the bifurcation, as usual. An example of
this intermittent behaviour is shown in figure 12, where a
series of chirality extrema is depicted. We have not tried to
characterize this highly complicated behaviour and just note
that the same type of intermittencies were found by some of us
in laser models [27, 28]. On further increasing the detuning, the
laminar phases become progressively shorter until eventually
they disappear (at some detuning value between 2.035 and
2.039), the wall motion becoming chaotic. For still larger
values of the detuning, the dynamics of the wall remains
chaotic until curve (b) in figure 1 is crossed, as at this point
the pattern is no longer stable, and bright (sech type) solitons
appear after a transient.
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Figure 10 . Attractor projection on the 〈v, χ〉 plane for (a) E = 3
and 1 = 2.02 (periodic two-sided attractor) and (b) E = 3 and
1 = 2.04 (chaotic attractor); these correspond to regions P and C
in the inset in figure 6.
5. C onclusions
We have presented numerical evidence of the existence of a
nonequilibrium Ising–Bloch transition in a type I DOPO model
with one transverse dimension. Bloch walls have been found
in two different forms, either connecting homogeneous states,
which are the usual ones, or connecting modulated states, a
kind of domain wall already found in the propagation model for
DOPO [4], and in the parametrically driven, damped nonlinear
Schro¨dinger equation [17].
Bloch walls move, and their movement undergoes
complicated secondary bifurcations, eventually leading to
chaotic motion involving quasiperiodicity. Two routes to chaos
have been described: a usual quasiperiodic (Ruelle–Takens)
scenario and an unusual quasiperiodic intermittency. We have
seen that the nonlinear dynamics of the wall movement is
related to the appearance of a modulational instability on the
pattern on which the domain wall is written. Let us remark
that although the NIB transition in DOPO has been reported
for the particular case 0 = 21, we have observed similar
phenomena for different sets of detuning values. In fact, for
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Figure 11. Chirality spectrum for the time series corresponding to
E = 3 and 1 = 2.02 (a), 1 = 2.0251 (b) and 1 = 2.04 (c);
these correspond to regions P, T, and C in the inset in figure 6.
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Figure 12. Series of chirality extrema for E = 3 and 1 = 2.0260,
corresponding to the intermittent route to chaos in the inset in
figure 6.
the case of large pump detuning (and signal detuning of order
one), the DOPO equations can be approximated by the PDNLS
equation [1], where the NIB transition as well as the nonlinear
dynamics of the Bloch wall have been previously reported by
some of us [17, 26].
We would like to finish with a brief mention of the case of
two transverse spatial dimensions. In 2D the situation is much
more complicated than the 1D case we have analysed here, as
in 2D the dynamics of DWs is affected not only by the NIB but
also by curvature effects [6, 4]. Moreover, boundary effects
become determinant in two dimensions as domain walls tend
to be perpendicular to the boundary of the illuminated region.
Thus the analysis of the NIB in a 2D optical system still remains
to be characterized.
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Squeezed quantum cavity solitons
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Abstract
Cavity solitons produced by a degenerate optical parametric oscillator are sh ow n to ex h ibit perfect sq ueez ing for any param-
eter set w h en probed w ith a suitable local oscillator fi eld. T h is novel result is a direct conseq uence of th e spatial symmetry
break ing introduced by th e cavity soliton and th e ph enomenon is th us specifi c to spatially ex tended (multi-transverse mode)
optical systems.
PACS n u m b e rs: 4 2 .5 0 .D v , 4 2 .6 5 .S f, 4 2 .6 5 .Tg , 4 2 .6 5 .Y j
W h e n all te ch n ical so u rc e s o f n o ise are e lim in ate d
q u an tu m v ac u u m fl u c tu atio n s re m ain th at aff e c t an y c o -
h e re n t rad iato r, lik e a lase r. T h e se fl u c tu atio n s d e fi n e
th e so -calle d stan d ard q u an tu m lim it as th e y se t an u p -
p e r b o u n d to th e p re c isio n attain ab le w ith c lassical (c o -
h e re n t) o p tical te ch n iq u e s an d can e v e n re n d e r th e latte r
u se le ss in so m e u ltra p re c ise ap p licatio n s, su ch as th e
m easu re m e n t o f tin y d isp lac e m e n ts (e .g ., in g rav itatio n al
w av e d e te c tio n [1] o r in p o in tin g d ire c tio n m easu re m e n ts
[2]). H o w e v e r it is p o ssib le to b reak th is lim it w ith th e
h e lp o f q u an tu m state s o f lig h t. S q u e e z e d state s [3 ], d is-
p lay in g fl u c tu atio n s b e lo w th e stan d ard q u an tu m lim it in
o n e o f th e fi e ld q u ad ratu re s, p lay a p ro m in e n t ro le in th is
re g ard . A lso , sq u e e z e d lig h t fi n d s ap p licatio n s in q u an -
tu m te le p o rtatio n [4 ], q u an tu m c ry p to g rap h y an d q u an -
tu m c o m m u n icatio n [3 ]. U su ally , sin g le -m o d e sq u e e z e d
state s o f th e e le c tro m ag n e tic fi e ld are c o n sid e re d – sin g le -
m o d e o p tical p aram e tric o sc illato rs are b y n o w ro u tin e ly
u se d as ac tu al so u rc e s o f sq u e e z e d lig h t [3 , 4 ]. In th e last
fi fte e n y ears h o w e v e r a n e w b ran ch o f q u an tu m o p tic s
h as e m e rg e d th at g e n e raliz e s th e stu d y o f sq u e e z in g to
m u ltim o d e case s as w e ll as, g e n e rically , stu d ie s th e sp a-
tial asp e c ts o f th e q u an tu m fl u c tu atio n s o f th e rad iatio n
fi e ld [5 , 6 ]. T h e d e g e n e rate o p tical p aram e tric o sc illato r
(D O P O ) h as b e e n alread y sh o w n to d isp lay in te re stin g
sp atial q u an tu m featu re s, su ch as th e sp atial stru c tu re o f
th e sq u e e z e d e m issio n b e lo w o sc illatio n th re sh o ld [7 ], th e
c o n c e p ts o f q u an tu m im ag e s [8 ] an d q u an tu m e n tan g le d
im ag e s [9 ], an d th e tw in p h o to n e m issio n b e lo w th re sh -
o ld [10 ]. H e re w e sh o w th e o re tically th at cav ity so lito n s
(C S ) – n arro w , lo caliz e d stru c tu re s th at fo rm ac ro ss th e
tran sv e rse se c tio n o f b eam s rad iate d b y so m e n o n lin ear
o p tical cav itie s [11]– g e n e rate d b y D O P O s are so u rc e s o f
p e rfe c tly sq u e e z e d lig h t. W e d e m o n strate th at C S fl u c -
tu atio n s are p e rfe c tly sq u e e z e d in a sp e c ial tran sv e rse
m o d e irre sp e c tiv e ly o f th e p aram e te r se ttin g . T h is in -
d e p e n d e n c e is a g e n u in e c o n se q u e n c e o f th e sp atial sy m -
m e try b reak in g in tro d u c e d b y th e C S , w h ich is o b v io u sly
n o t p re se n t in sin g le tran sv e rse m o d e d e v ic e s. T h e stu d y
o f q u an tu m fl u c tu atio n s an d c o rre latio n s in (sin g le p ass)
sp atial so lito n s h as b e e n re c e n tly in itiate d [12, 13 ].
M odel.– W e c o n sid e r th e m o d e l o f [14 ] fo r a D O P O w ith
p lan e cav ity m irro rs. A p lan e w av e c o h e re n t fi e ld o f fre -
q u e n c y 2ωs an d u n ifo rm am p litu d e Ein p u m p s th e cav ity
an d an in tracav ity χ(2) c ry stal c o n v e rts p u m p p h o to n s
in to sig n al p h o to n s (o f fre q u e n c y ωs) an d v ic e v e rsa. O n ly
tw o lo n g itu d in al cav ity m o d e s, o f fre q u e n c ie s ω0 (p u m p
m o d e ) an d ω1 (sig n al m o d e ), w h ich are th e c lo se st to 2ωs
an d ωs, re sp e c tiv e ly , are assu m e d to b e re le v an t. T h e se
m o d e s are d am p e d at rate s γn (n = 0 , 1) an d lo sse s
are assu m e d to o c c u r at a sin g le cav ity m irro r (sin g le -
e n d e d cav ity ). T h e in tracav ity fi e ld e n v e lo p e o p e rato rs
fo r p u m p an d sig n al m o d e s are d e n o te d b y A0 (r, t) an d
A1 (r, t), re sp e c tiv e ly , w h e re r = (x , y ) d e n o te s th e tran s-
v e rse c o o rd in ate s, an d o b e y stan d ard e q u al-tim e c o m -
m u tatio n re latio n s
[
An (r, t) , A
†
m
(r′, t)
]
= δnmδ (r− r′).
T h e m aste r e q u atio n fo r th e re d u c e d d e n sity m atrix o f
th e sy ste m is g iv e n in [14 ]. M ak in g u se o f th e c o m -
p le x P -re p re se n tatio n [15 , 16 ] g e n e raliz e d to in c lu d e th e
fi e ld n atu re o f th e p ro b le m [14 ], w h ich se ts a c o rre sp o n -
d e n c e b e tw e e n q u an tu m o p e rato rs An an d A
†
n
, an d in -
d e p e n d e n t c -n u m b e r fi e ld s An an d A+n , re sp e c tiv e ly , th e
m aste r e q u atio n is tran sfo rm e d in to an e q u iv ale n t se t o f
sto ch astic d iff e re n tial e q u atio n s (L an g e v in e q u atio n s) v ia
th e F o k k e r– P lan ck e q u atio n v e rifi e d b y th e c o m p le x P -
d istrib u tio n (d e tails w ill b e g iv e n e lse w h e re ). H e re w e
c o n sid e r th e larg e p u m p d e tu n in g lim it (|ω0 − 2ωs| 
γ0, γ1, |ω1 − ωs|) w h ich allo w s th e ad iab atic e lim in atio n
o f th e p u m p fi e ld s [17 ] as A0 = γ1α0/ g, A+0 = γ1α+0 / g,
α0 = µ + iσ κ
−2A12, α+0 = µ− iσ κ−2A+1 2,
κ =
√
2γ1 |ω0 − 2ωs|/ g, σ = sig n (ω0 − 2ωs) ,
w h e re g is th e (real) n o n lin ear c o u p lin g c o e ffi c ie n t [18 ],
µ = g |Ein | / γ1 |ω0 − 2ωs| > 0 is th e d im e n sio n le ss p u m p -
in g p aram e te r (w e tak e Ein = iσ |Ein | w ith o u t lo ss o f g e n -
e rality ), an d th e re m ain in g L an g e v in e q u atio n s read
∂tA1 (r, t) = γ1
(
L1A1 + α0A+1
)
+
√
γ1α0 η, (1)
∂tA+1 (r, t) = γ1
(
L∗1A+1 + α+0 A1
)
+
√
γ1α
+
0 η
+, (2)
w h e re L1 = − (1 + i∆1)+ il21∇2, ∇2 = ∂2/ ∂x 2 +∂2/ ∂y 2,
∆1 = (ω1 − ωs) / γ1 is th e sig n al m istu n in g p aram e -
te r, l1 = c/
√
2ωsγ1 is th e sig n al d iff rac tio n le n g th (c
is th e sp e e d o f lig h t in th e c ry stal), an d η an d η+ are
in d e p e n d e n t, w h ite G au ssian n o ise s o f z e ro m ean an d
1
correlations,
〈ηi (r, t) ηj (r′, t′)〉 = δijδ (r− r′) δ (t− t′) , (3)
η1 = η, η2 = η
+. When noises are ignored and A+i
is interpreted as A∗i (classical limit) Eqs. (1,2) coincide
with the equations for a classical DOPO with large pump
detuning [17].
Classical cavity solitons.–In the absence of noise Eqs.
(1,2) support 2D solitary structures for σ = +1 [19].
These are stationary radially symmetric CS of the form[A+1 (r)]∗ = A1 (r) = A¯1,± (r− r1), r1 = (x1, y1) de-
notes the arbitrary CS location,
A¯1,± (r) = κα¯1,± (r) ≡ κeiσ θ±β±R (β±r/l1) , (4)
r = |r|, β2± = σ∆1 ±
√
µ2 − 1, µei2θ± = 1 ± i
√
µ2 − 1
[20], and R (r) is the bell-shaped nodeless solution of [19]
∂2rR+ r−1∂rR−R+R3 = 0, (5)
verifying ∂rR (0) = R (∞) = 0. The CS A¯1,+ is stable
for 0 < ∆1 . 0.7 and 1 < µ <
√
1 + ∆21 [19] while A¯1,−
is always unstable. We only consider the stable CS A¯1,+
and shall refer to it simply as A¯1.
Dynamics of quantum fl uctuations.–Fluctuations
around the classical CS are studied by setting
A1 (r, t) = A¯1 (r− r1 (t)) + a1 (r− r1 (t) , t) , (6)
A+1 (r, t) = A¯∗1 (r− r1 (t)) + a+1 (r− r1 (t) , t) , (7)
where the position, r1, of the classical CS is let to vary
in time as the soliton movement responds diffusively to
the noise due to the translation invariance of the prob-
lem (see below). This choice is necessary as we study the
fluctuations
(
a1, a
+
1
)
in the linear approximation and this
requires them to be small. Upon expressing the fluctua-
tions in vector form as a =
(
a1 (r, t) , a
+
1 (r, t)
)T
, where T
denotes transposition, and linearizing Eqs. (1,2) around
the classical CS, the following Langevin equations for the
CS quantum fluctuations are obtained:
−κ (x˙1Gx + y˙1Gy) + ∂ta = γ1La +√γ1f , (8)
where the overdot denotes d/dt,
Gx(y) = ∂x(y) (α¯1 (r) , α¯
∗
1 (r))
T (9)
f =
(√
α¯0η (r, t) ,
√
α¯∗0η
+ (r, t)
)T
, (10)
α¯0 = µ + iσα¯
2
1 (r) , (11)
and the linear operator L and its adjoint L† read
L =
( L1 α¯0
α¯∗0 L∗1
)
, L† =
( L∗1 α¯0
α¯∗0 L1
)
, (12)
where L1 = L1 + 2iσ |α¯1 (r)|2 [21].
The spectra of L and L†, which we introduce as Lvi =
λivi, L†wi = λ∗i wi [22], are clearly relevant. With the
usual definition of scalar product 〈b| c〉 ≡ ∫ d2r b† (r) ·
c (r), the relation 〈wi| Lc〉 = λi 〈wi| c〉 holds. We assume
that all eigenvectors are normalized as 〈wi|vj〉 = δij . In
general, the spectra must be computed numerically. Two
properties of the discrete spectra can, however, be stated:
(i) Gx(y), Eq. (9), are Goldstone modes as LGx(y) = 0
(we write v1x(1y) ≡ Gx(y) and denote by w1x(1y) the
associated adjoint eigenvectors: L†w1x(1y) = 0); (ii) F or
any parameter set L†w2x(2y) = −2w2x(2y), with
w2x(2y) = ∂x(y) (iα¯1 (r) ,−iα¯∗1 (r))T . (13)
Property (i) is a mere consequence of the translational
invariance of the problem. Property (ii) is the key for our
analysis. It can be checked by direct calculation and is
clearly related to the existence of Goldstone modes. Eq.
(8) is solved by using the (biorthogonal) basis {vi,wj},
which is essential for arriving at the results we report:
a (r, t) =
∑
ci (t)vi (r) , (14)
where the expansion excludes the Goldstone modes as r1
is to denote the position of the soliton [23]. B y substi-
tuting Eq. (14) into Eq. (8) and projecting, one obtains
x˙1 = −√γ1 〈w1x| f〉/κ, y˙1 = −√γ1 〈w1y| f〉/κ, (15)
c˙i = γ1λici +
√
γ1 〈wi| f〉. (16)
Squeezing via optical h omodyning.–Once Eq. (8) is
solved any quantum property of the CS can be studied
in the used linear approximation. We consider here the
squeezing properties of the CS as measured in a balanced
homodyne detection experiment: The outgoing quantum
field A1,o u t (r, t) is combined in a beam splitter with a
local oscillator field (LOF) which lies in a classical, (mul-
timode) coherent state αL (r− rL (t)) –which is allowed
to be dynamically shifted– of intensity much larger than
A1,o u t (r, t), and the intensity difference between the two
output ports is measured [24]. The spectrum of fluctua-
tions of this difference, V (ω), verifies V (ω) = 1 + S (ω),
S (ω) = 2γ1
+∞∫
−∞
dτe−iω τ 〈 : δEH (t + τ) δEH (t) : 〉, (17)
where [24] δEH (t) = EH (t)−〈EH (t)〉, EH (t) = AH (t)+
A†H (t), AH (t) = N
− 1
2
∫
d2r α∗L (r− rL (t))A1 (r, t), and
N =
∫
d2r |αL (r)|2. When A1,o u t (r, t) is in a (mul-
timode) coherent state V (ω) = 1 [S (ω) = 0], which
represents the standard quantum limit. As V (ω) ≥ 0
by definition, S (ωc) = −1 signals perfect squeezing at
ω = ωc. In the used complex P -representation the nor-
mally ordered, time ordered expectation value in Eq.
(17) is given by the stochastic correlation CH (t, τ) =
〈δEH (t + τ) δEH (t)〉 [15], where, using Eqs. (6) and (7),
δEH (t) = N− 12 〈αL (r + ρ (t)) | a (r, t)〉, (18)
2
αL (r) = (αL (r) , α
∗
L (r))
T
and ρ (t) = r1 (t)− rL (t).
Perfect squeezing for any parameter set.–Let us as-
sume momentarily that we can set ρ = 0 in Eq. (18),
which means that we can shift the LOF according to
the soliton movement. Let us choose αL (r) = w2x (r)
[25]. According to Eq. (18) and using expansion (14),
one has CH (t, τ) = N
−1 〈c2x (t + τ) c2x (t)〉. Upon in-
tegrating formally Eq. (16) for i = 2x, and making
use of Eqs. (10), (13), (3), (4) and (11) one easily ob-
tains CH (t, τ) = − 12 exp (−2γ1 |τ |). From this result, the
squeezing spectrum (17) runs:
Sop t (ω) = −4γ21/
(
ω2 + 4γ21
)
. (19)
As the result is independent of the CS parameters, Eq.
(19) shows that the CS displays perfect squeezing at
ω = 0 for any parameter set when probed with the ap-
propriate LOF. This is our main result. We note that
this LOF is easily realizable in principle, as it is the
pi /2 phase-shifted gradient of the corresponding CS en-
velope. The same result holds obviously for αL (r) =
cosφ0w2x (r) + sin φ0w2y (r) for any φ0 owed to the ro-
tational invariance of the problem.
Influence of the soliton movement.–In arriving to Eq.
(19) we have assumed that we can use a movable LOF
which exactly follows the CS movement. This could be
done by tracking the movement of the companion soli-
ton A0,out, which is correlated with that of A1,out, with-
out disturbing the subharmonic soliton. The scheme
could employ, e.g., a quadrant detector [2] whose out-
put would be fed into a positioning system control-
ling rL (t). However, in general, this will give rise to
a time delay td so that rL (t) = r1 (t− td) yielding
ρ (t) = r1 (t) − r1 (t− td). Making use of Eq. (15),
taking into account that w1x(1y) =
(
w1x(1y), w
∗
1x(1y)
)T
(both components are complex conjugated each other
as the corresponding eigenvalues λ1x = λ1y = 0 are
real), and making use of Eqs. (10) and (3), we ob-
tain
〈
ρ
2 (t)
〉
= Dtd, where the diffusion constant D =
2γ1κ
−2 Re
∫
d2r
[
w21x (r) + w
2
1y (r)
] [
µ− iα¯∗21 (r)
]
. We
note that the integrand is dimensionless and it is found
numerically to be of order unity. Thus D ∼ γ1κ−2
and
√
〈ρ2 (t)〉 /Σe ff ∼
√
γ1td/N1, being N1 ∼ (κl1)2
the number of intracavity signal photons in one CS
and Σe ff ∼ l21 its effective area [26]. We see that N1
acts as an inertial mass. Using realistic values for the
system parameters [27] one has N1 ∼ 1012. Hence√
〈ρ2 (t)〉 /Σe ff . 5 · 10−4 for td . 1ms. Thus the rel-
ative error existing between the location of the CS center
and that of the LOF is negligible as compared with the
CS width and one can assume ρ = 0. Hence, to the lead-
ing order, the influence of the delay time can be ignored.
Indeed, given the smallness of ρ one is legitimated to ex-
pand Eq. (18) up to second order in ρ. The squeezing
spectrum so obtained is then given by Eq. (19) plus a
correction proportional to ρ2/Σe ff (linear corrections in
ρ vanish as they involve the correlations among three
Gaussian noises). This quadratic correction however is
on the order of
〈
ρ
2 (t)
〉
/Σe ff . 3 · 10−7, which is abso-
lutely negligible.
A related question we ask is how the squeezing prop-
erties of the soliton are modified if the LOF is kept fixed,
which is a scheme simpler than the previous one. Due
to the unbounded movement of the soliton, one must
perform the heterodyning experiment in a short time in
order to obtain significant squeezing. If we assume that
at t = 0 the LOF and the soliton centers are made to co-
incide, the mathematics are the same as in the previous
case with the only difference that now ρ (t) = r1 (t) −
r1 (0) and
√
〈ρ2 (t)〉 /Σe ff ∼
√
γ1t/N1 ∼ 10−6
√
γ1t.
Then, if we limit the experiment to a sufficiently small
duration tH (tH . 1ms for the used parameters) we can
again take ρ = 0 and use CH (t, τ) = − 12 exp (−2γ1 |τ |).
The squeezing spectrum is then given by Eq. (17) with
the limits of integration being replaced by ∓ tH2 . The re-
sult reads as Eq. (19) plus a correction proportional to
e−γ1tH , which is virtually zero. Then the obtention of al-
most optimal levels of squeezing is not affected in practice
by the existing soliton movement. In this regard we note
that this insensitivity contrasts with the issue of quan-
tum images [8], whose squeezing properties are washed
out in the near field, which is the one we are consider-
ing. This is a consequence of the strong inertia (∝ N1/21 )
that the CS movement displays against fluctuations, as
compared with the below threshold emission.
Influence of the shape and positioning of the L OF.–Up
to here we have dealt with a special LOF. However the
use of a LOF with the exact form or precisest position-
ing is not critical as we show next. In what follows we
ignore the negligible influence of the CS movement. The
study is facilitated by expressing a general LOF as αL =∑
αiwi , αi = 〈αL | vi〉. Eq. (18) becomes δEH (t) =
N−1/2
∑
α∗i ci (t), and S (ω) = 2γ1N
−1
∑
i,j α
∗
i αjSij (ω),
where Sij (ω) =
∫ +∞
−∞
dτe−iωτ 〈ci (t + τ) cj (t)〉. Sij (ω)
is easily evaluated by integrating Eq. (16) and using
Eq. (3) (details will be given elsewhere). In the end all
we need is to compute the spectra of L and L†. This
was done by adapting the Fourier method described in
[28]. We limit here our study to the 1D case for the
sake of computational economy [29]. The accuracy of the
method was checked by computing S (ω) when αL = w2,
Eq. (19), yielding an error less that 10−13. The influence
of the LOF shape was studied for a Gauss-Hermite mode
of the form αL (x) = G H 1 (x) ≡ ieiθx e− 12 (x/ξ )2 , which
is similar to w2. Fig. 1(a) shows that quite high levels
of squeezing can be reached even with a non ideal LOF.
The influence of a mispositioning was studied both for a
LOF of the form w2 (x− x¯) and G H 1 (x− x¯). Fig. 1(b)
shows that mispositionings up to 5% of the CS width
yield quite good levels of squeezing.
In summary we have shown that DOPO CS are sources
3
of perfectly squeezed light for any parameter set. This
result is a consequence of the spatial symmetry breaking
introduced by the CS, which is obviously absent in single
transverse mode nonlinear cavity squeezers, which only
yield perfect squeezing at the bifurcation points.
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FIGURE CAPTION
Figure 1. Squeezing level (at the labeled frequencies)
displayed by the 1D CS when nonideal LOFs are used. In
(a) a Gauss-Hermite LOF (GH1) of width ξ is used. In
(b) LOFs displaced x¯ from the CS center are considered
(w2 denotes a special LOF, see text). ∆x = l1/β denotes
the CS width. Parameters are σ = +1, ∆1 = 1, µ = 1.2.
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